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CS 470/570 Design and Analysis of Algorithms Midterm 3   Fall 2006 
Prof. Phillip G. Bradford 

 
Name: 
Student ID: 
 
This test is closed book and closed notes. The best answers are well thought-out brief 
answers that entirely encompass a correct answer. You must justify your answers to 
receive any credit!  All numbered questions are weighted equally. 
 
 

1. How can we show a problem is in NP? 
 
 We can show a problem is in NP by creating a polynomial time algorithm to 
 verify whether or not a given solution is correct.  This proves the problem is 
 verifiable in polynomial time, which is the definition of NP. 
 
 

2. Given a graph G=(V,E) with non-negative edges weights.  
a. Describe in detail an all-pairs-shortest path algorithm for when G has a 

sparse number of edges. When E is sparse your algorithm should be 
asymptotically faster than the (min,+) algorithm running in O(V3 log V) or 
the Floyd-Warshall algorithm running in O(V3).  

 
  SparseAPSP(G,W) 
   n  length[V[G]] 
   D  new n*n matrix 
   i  1 
 
   foreach vertex v in V[G} 
    D[i]  Dijkstra(G, W, v) 
    i  i + 1 
 
   Return D 
 
 Since all edge weights are non negative, we can run Dijkstra’s algorithm for 
 on each vertex, building the distance matrix one row at a time.  An efficient 
 implementation of Dijkstra’s algorithm runs in O(VlgV + E), so this 
 algorithm runs in O(V2lgV + VE), since we run Dijkstra V times.  
 
 
 
 
 
 



 2

b. For what number of edges E is your algorithm preferable to the (min,+) 
and Floyd-Warhall algorithm? 

 
  Vs. (min, +):  V2lgV + VE ≤ V3lgV 
    VE ≤ V3lgV - V2lgV 
    E ≤ V2  - VlgV = O(V2lgV) 
 
  Since the max # of edges is O(V2), this algorithm is always preferable  
  to (min,+) 
 
  Vs. Floyd-Warshall: V2lgV + VE ≤ V3 
     VE ≤ V3 - V2lgV 
     E  ≤ V2 – VlgV = O(V2) 
 
 

3. Given a connected graph G=(V,E).  
a. If G is directed, then what is the maximum number of edges in E? If G is 

undirected, then what is the maximum number of edges in E? 
 
 
  Directed: V(V-1) is the maximum number of edges.  This connects  
  every vertex to every other vertex (each vertex has V-1 outgoing  
  edges). 
 
  Undirected: V(V-1)/2 is the max, since we only need one edge between 
  each pair of vertices. 
 
 

b. In either case, for G to be connected, what is the least number of edges E?  
 
 
  The least number of edges in a connected graph is (V-1).  This ensures 
  every vertex but one has an outgoing edge. 
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4. Given a directed graph G=(V,E) represented as an adjacency list. Give an efficient 
algorithm that converts the adjacency-list representation to an adjacency-matrix 
representation. How much does your algorithm cost?  

 
 ConvertGraph(G) 
  n  length[V[G]] 
  A  new n*n matrix 
   
  for i  1 to n    // O(V2) 
   for j  1 to n 
    A[i.j]  0 
 
  Foreach edge (u,v) in E[G]  //O(E) 
   A[u, v]  1 
 
  Return A 
 
 This algorithm costs O(V2+E), which is O(V2) in the worst case (E= O(V2)). 
  
 

5. The Bellman-Ford algorithm is a single-source shortest path algorithm that detects 
negative cycles. How can you get the (min,+) or Floyd-Warshall algorithm to 
detect negative cycles? How much additional cost is your algorithm? 

 
 To get the (min, +) or the Floyd-Warshall algorithm to detec minimum 
 cycles, we add the following code to the end of the algorithm: 
 
 for i  1 to n 
  for j  1 to n 
   for k  1 to n 
    if L[i,j] > L[i,k] + W[k,j] then  
     return FALSE 
 
 This checks the triangle inequality for every vertex.  If this inequality doesn’t 
 hold then the graph contains a negative cycle. 
 
 This adds O(V3) to both algorithms, which does not cause the asymptotic 
 running time of either algorithm to change. 
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6. [CS 570 Question]  A polynomial transformation from a decision problem Π1 to 
the decision problem Π2 is written Π1 <f Π2. This makes it so if x is a “yes 
instance” for Π1, then f(x) is a “yes instance” for Π2 and f is computable in 
polynomial time. 

 
Suppose for Π1 and Π2 we know that Π1 <f Π2 holds, then answer the next two 
questions: 

 
a. If Π2 is in P, then Π1 is in P. If this is true, then prove it as formally as 

possible, otherwise give a concise counterexample.  
 
  Since Π2 is in P and f(x) is polynomial, the total running time for Π1 is  
  the time of f(x) plus the time of Π2.  This adds 2 polynomials, which is  
  itself a polynomial.  Thus Π1 in P as well. 
 
 
 
 
 
 
 

b. If  Π1 is in P, then is Π2 ? Prove it if so, otherwise give a concise 
counterexample.  

 
 The Cook Theorem states that any problem in NP can be reduced to 
 the statisfiability problem.  Since Π1 is in P, it is in NP as well.  
 Therefore,  Π1 reduces to the satisfiability problem.  Since this 
 problem is known to be NP-Complete, Π2 is not necessarily a member 
 of P. 

 
 
 
 
 
 
 
 
 
 
 


